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IESSiztiny: 35 the Opersting of eimrlr rii o lorrere fmem mrms Jamssine
e S = pEum o ek ~~—z & esment Tum one locstion 1o
Eocther. The glememe e 2 zopic poemain Tochenmed Wast srercfarmarinn prompaess

= o === o agErIem=munrhonged ez, JESE0TITZT00 oDeTE-

= peTmet By s Mormcommznd i A7) Sysiez Copyis encther wanslztion
commend wistz Imthe onigimsl lamens s romaiead eod & copy of the origingl is
Seziec 2t the specifed lorstion £ simols mznslzeien operzton s Mustrated in Fig,
o

LA ——— B CAD/CAN T

WPUTER E2APRICS

8

b) Translation of z line

For 2 line trapelasine ma ; ian i i
. -or@~oe translanon matrix is applied to 1is end points. For example, a line

&4 €ad points (x1, y1) and (xp, ¥

2) can b represented by the matrix,

La=L1+7T
where, T= translation matrix,
L1 = Origine] line
L2 = Translated line

.. £ Ix
le, La= 17 +
X2 2

mn
mn

X1+m yi+n
X2¢m y+n

o L2=

e (3:62)

g) Tranelztion of 2 point:
Fore poinz, vranglotion i giver. by-

-

T ef32)

=r+r,

P

. TN S S ‘niec
Z.Y =eumizzies of the trera et print Le., news booation points.

T T T maspemc e (e ampergets [Ceerents) inthe

- be oY i |l e e e |

.; ‘ . . ....-:
¥ zxad 7 Quertions rexpeiiely,
SR nAr b, ez can be e el gt

A e

P - I.mm.wg

= L o -
VXTI T

I 5

b g P - $ L 4
E i = ffp e L e f
where, 2 =m0y, the trzasiation pateiy

L owr vorsos. . " i dr 2 vrztviy (mr a1 w\nu
FIT§ R s G T-u\\n.. czn 12 uﬁ\\n\nmﬁﬁwﬁ\_.\\ W e Toelro m.\-ﬂrw can

R e losd T - iy
treng el e Loz g | fion ! 3.

K
e

g&h 1A linz is defined &ﬁ its end points :_ HC and _Q. & ina2D WambEnM
System. Express the line in matrix notation. Suppose, the line is to be translated in
spece by 3 units in the x-direction ang 2 units in the y-direction, represent the final
Pposition of the translated line, "

Solution:
The line can be _mnam.mamn in & matrix form as (before translation)-

_f11

L= 3 [Using equation (3-5)) .
The lin: is to be moved by 3 units in x-direction and 2 unjts in y-directipy

Therefore the translation matrix is given by-

Row, using equation (3-6), the translzted line can be Hm?mmmama as-

Lz =Li+T _
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where, § = the scaling matrix

m0
0n

wn(3-70)

This will result in & change in the size of the element by a factor m in the
y-direction and by & factor n in the y-direction”|Scaling also brings in the effect of
repositioning of the element on the x-y plane With respect 10 its origin. Obviously, if

the scaling factors are less than unity, the element reduces in size, and moves closer
to the origin. Similarly, with scaling factors more than unity, the elements get en-

Jarc2d and move away from the origin

&8 The scaling factors in x- and y-directions (Sx and Sy) may be mﬁ_w._ or .uams_.#
i When the m%mm factors are same, then the picture simply reduces in size or in-
creases in size depanding upon the scaling factor. The effect o.% having equal scaling
factor is illustrated in Fig. 3-6. When the scaling factors areé different, they E%.Em
effact of distorting the pictures by elongating or m%u n_aa m_osm. %‘” directions
parallel to the coordinate axes. The efiect of unequal scaling is shown in Fig. u.q.u

»
“en e
L/~

Nig. 35 Tostrates graphicaly the transiation of the origina) lins (1, 1) &nd (3, 4)

e

Iy

i

[

) a a
._E_ - /\

= (2) Original (b) Scaling factor < 1 {c) Scaling factor > 1

-

(2] -
e e [ e e
\\. .
N
a1

~
-
(]
e

=
n
(1)
-4

Fio.38 - ‘ Fig. 3. Equal scaling factors

SEms it tRs smetzmon of Smsizmo or Szomzzsos the st of an glamen

= = = == J=ellr | OTses0 O CollesslDg Lo o & Sl
S ped nitbs el B x 2nd 7 et Tor exempls 2 coce could be trens- _ ‘ —
Sormad B2 = elipse by toegre! seefrs i -y Girection end Similevy & squere can

() Originz! )5, (€S < S,

7 prar e - . m._m.w..h..c_._mn:m_m&::mﬁsm

£oorme S £ F0 G s posesee i winth ooty the display on the scresn
i madSed = s bt them iz oo chonoe & the mods! gtz bass | Alsy zaoming s
- - - - .. ey
DETRrEt ec =0y Dz 2 ¥ ection:. The seeting opEration ED0EST 10 20 eement o : .
A i et e rngid te hesel Ve ainge of 2y clermet can e scalad by 352 ¢ scaling is to generate the mimor imagzs of Ject Using
proan SR ol aa ey g » s e faco= B LY Celee=mi It iasil)y iy i = e - e .
e o e e Yoes of sozling factors in ¥~ end y-Girections (Sy and Sy). Fig. 3-8 illus-

) trates the Giferent miMor images obtained using three combinations of negative

Uciuey wit Wllic
- , =gl e
& 5= (7S —0G7 | scaling fzctors of Sy and Sy,

ot il f

-

— .
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Y, . . /..V -10

| N Lot :
" m - . ; LTS
10 |
]
e (@ o bl P !
- The scaled and mirtored lines using the sealing transformationg are 06 Lo oyy: | h
: _ Law [12](~10]  _-|=11 \
g \ S EPIENTY -4
i Kaled N
i - . 11]]-10 -1 41
L ru | ; =
341 0-1 =3 =4
4k , ,
tffro] _ - .
i W= laal o1 3-4
il The original line Ly, and the scalod/mimored lines L 2 L, and Ly are ___.____:zz_ |
in Fig. 3-11. m
1=
L
1 1 L | 1 | } 1 : g X 4 a0 4)
;¥ v e T € T 8§ 9
Fig. 3-10 y ‘ ,
-

ofined by end paints (1, 1) and (3. 4 in @ 2-D graphics

SyStEm J Rling v.s.ﬁ.. 1atians obtain the different passible mirror images for the
inge c%.mn..w.wﬁ .,..,JHP.H
Sadsticer n._..\c
R images of the o 1ginal ne can be obtatned using a combrnation of N
- )
fRgetve scaling factors in the x- and ydirections k
Let the arigina! line be, \\
(3 4) o )
11} j
_!.i_w.: Flg. 311
Thres combinatioas of scaling factors of S, and S Sy ate possible, viz. (1) 5, 48,
RS S (&g 5 ROTATION
pol : " I thes tansformation uperation, the points of an oloment ao rotatod about the
108 Iespactive scaling matnoes are-
onhgin by an Haton inootation also thete s ne change m the
o= 710 tize ol the eler tor change in position s the
0

ation with rospoet to

the aziguy Mot r,\..:_,.,. e have the rotate command whore in the olemont enn b

totated i a detited me
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- CAD/CANM

.DGE:E_ can be both for display as well as iicage modification purpose. in
display only the image is rotated for the purpose of proper visualisation, With no
change in the model data base, and rotation transformation occurs only on the graph-
Ics ﬂm:_::m_.gﬂo: the other hand model rotation to achieve the required shape brings
in databage change and the transformation occurs in the CAD system :3:@ rota-
tion function, for a positive angle, the transformation takes place in the counter clock
wise (CCW) direction and for a negative angle, it takes place in the clockwise (CW)
direction. Rotation is always accompanied both by object rotation plus object move-
ment with respect Lo c:m:m Howsever, it is also possible to rotate an clement, say a
line, about one of ite ends, Thus only changing its inclination, but retaining that point
at the same digtance from the origin as that of the original line,

The common rotation function can be represented in matrix rotation as below:

(z,y)=(xy/ R e (3-8)
“\.529 R = the rotation matrix
_|cos0 sin0] -5 Lot Conn o (380)
~5in 6 cos 0 _
cop O ~sin0 on(3:6D)

o T leing cos0| — ﬂqﬂ € v

Equation (3-8a) gives the transformation matrix for a counterclockwise .
rotation by angle 0 about the origin and equation (3-8h) gives the transformation

matriz for a clockwise (CW) rotation by angle 0 about the origin.

(ccw)

Lxamplo 3-6: A line nmqmﬁrw points (1, 1) and (3, 4), Is
(CCV). Give the new line posltion and drave It as 6 graph.

o ki rotated by en anglo_30°

[

Solution:

The line matrz is,

, Iy s I ' (W4
113 4 ik
7 -

\ -
con 0 win40| | 0866 0.500 .
“5I0 40 eon 300 10,600 0860
\
"Tuerelors the nov Ving position i
Ly |1 1) | 0866 0500 66 1366
S AL 1-0.500 0,800 0,598 4.964

11 wond !
».\ .
Tho rotation matrix s,

R

\...\\lﬁﬁ_.—_-__n..m __H _rm

\ n\.\ . - . 4 . .

— N A o _. " V. H w is i
Il Ic ﬂ.ﬂmhm _—H_.Q 1S mu:__ en Uw_ ﬁuoﬂ:ﬂm Q mmm H mmm m.:.nm Omwm, L.mm& . Hw_._.m 1S

drawn graphically as in Fig. 3-12

o

(0.598,4 964)
(34)

3 Rolaled
L[ line

L

Original
2 line
(0.366,.366

1+ 41

Fig. 3-12,

Example 3-6: A line is defined by its end poi _ .
. . points (3, 5) and (10, 12) -dimen-
sional graphic system. Express the | ; it i)

ine in matrix notation and perform t .
transformations: ’ ) S

a) Translate the line by 6 units in x-direction and 4 units in y-direction,
b)  Scale the original line by a factor of 3 in z.a:mn.:.o: and 2.0 in the .<
Solution:

direction.

The given line can be represented in matrix notation as belove-

=22
T 110 12
a) Translation
The transtation matrix, T is given by, T = M “
36 64 849

The vanslated lincis, Ly = i -

10 12| " (6 4| ~ |16 16

bs) Scaling
The scaling matny, § is given by,
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L = CAD/CAM
- |30 U gl .
W\ §= 02 :
The scaled line is given by.
Ly=|2 5] {30 _|9 10
10120 2| ~ 3024
—

Example 3-7: A line Is defined by its end points (0, 0) and (2, 3) in a two-dimensional

graphic system. Expross the line In matrix notation and perform the following trans-
formation on this line. .

a) Scale the line by a factor of 3,0

b) "Rotato the original line by 60° (CCW) about the origin.
h&::.na..

The n.?an line can be represented in amﬁ,.:x notation as-
PR g
li=11o 1
a) Scallng by a factor of 3.0
The scaling matrix ig- ' G

30

il

Therefore, the scaled line is given by-

=00 [30[_[oo

23103 69

b) Hotation by 60”
The rotation matrix. is given by-

cos 60 &in 60
-5in 60 cos GO

R

0.500 0.806
-0.866 0.500

i

The rotated line is given by-

< [oo| |osoo oges|_| 0 o
E-Mu.é_goc_mceé%m,ﬁm

(=) y
Nt . _|Il|r|f.|l.rlll||ll
Example 3-8: A triangle is defined in a two-dimensional 1CG system by its vertices
(0,2) and (0,3) and (1,2). Perform the \.%ai:.q transformations on 1), triangle
a) Translate triangle in space by 2 units in the x-direction ang s
y-direction,

units in the

b) Scale the original triangle by a factor 1.5.

¢) Scale the original triangle by a factor of 1.5 in the x-direction and 3.0 in the
y-direction,

d) Rotate the original triangle by 45° (CCW) about the origin.
Solution:

a) Translatlon of the trlangle

The triangle with vertices (0,2), (0,3) and (1,2) can be represented by three line
matrices,

02 02 12

Li={y3 ) La= |51 &lg=|

The translation matrix is given by,

26

T=125

o The translated lines can be represented as,
02 25 27
bir=Le+T=]gq/+ NL = Tm

_loz|, |25(_ |27
lar=lL2+T= :TTL;_TQ
12|, |25]_ |37
03 25| |28

The vertices of the translated triangle are now lying at points (2,7), (2,8) and
(3,7). The triangle before and after translation is shown in Fig. 3-13a.

Lar=L3+T=

bj Scaling the triangle by a faclor of 1.5
The scaling matrix js,

150

5170 15

— .
-_— N e m e ——————

¢
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CADICAM

i

The scaled lines can be represented by, ’

02/ /15 0/ |0 3
=1 = =
Ls=l1-5= o3/ | 0 15/ =0 45

=g = 402) M5l 19
ls=L2.5=[150- 10 15/ |15 3

12 15 0 15 3

[ oo = = =
1x=13.5= g3/ 0 15 0 45
The vertices of the scaled triangle by a factor of 1.5 are (0,3), (0.4.5) and (1.5, 3).
The sczled triangle is shown in Fig. 3-13b.

<M

' Y
4 W._ °r
7 . R.7) 7 |
7
6 ik 6|
; S (0, 45)
& ¢ P
5 10.3) s i
N (1.2 =Y e
z ,o.g\u-
10.2)
H *. .21 |
I : ) 4 T
8 2 8 » 123 & X
(a) (u)
Y
- _:. @ . v
£ _/
7 \ 4
3 $ 5.6
5 - 3
4 (7 121, 2 124) 43 7% u“n.m:
11414, 1.414) 8
1
ey OO R PRI, [ e RS
Vizag * g% 9
_,..F (¢
Fig. 243,

COMPUTER GRAPHICS : . |
c) mnm_mrm_ by factors Sx=1.5& ;=3 =
The scaling matrixis, S= e

_ou_c

The scaled lines can be represented by, "

oo |02] |150|_ o6
Lis=Li.85 8: 030|709
_ _loz2] 150 |06
las=1z.5= :: 030/ |156

. _ 12| (1507 |15 8
ETE:T om: ow.oiow

The vertices of the scaled triangle are (0,3), (0,9) and (1.5,8). The scaled triangle
is shown in Fig. 3-13c.

d) Rotation by 45° about the arigin
The rotation matrix is given by,

cos45 sindb 0.707 0.707

R=1_qinas cosas |~ -0.707 0707
The rotated lines are represented by,

Lig =Li;.R

[l

02 0.707 0.707
03| |-0707 0707

Dlu..pgc.,,u.ﬂbnlu.bE__.r:.u
0-2121 0+2121 -2.121 2121

Lz. R 4

L]

L2k

_|oz 0.707 0.707

_Hw "l -0707 0.707

0-1414 041414 -1414 1414

“o707- 1414 070741414 [ 0707 2.121
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; o.gogo.qoq .
0317 |-0.707 0.707

0.707-1414 0.707 + 1.414
0-2121 0+2121

-0.707 2121
-2.121 2121

The vertices of the rotated triangle are given by the points (-1.414, 1.414),
(-2.121, 2.121) and (-0.707, 2.121). The rotated triangle is shown in Fig, 3-13d.

EEI e

3.4.2 Three-dimensional (3D) Transformations @3 taBEmpaFv Aﬂa:v%a Froa

Similar to 2D transformations, it is also u_ammE_m to perform transformations in
the three-dimensional space. 3-D transformations are essential in wire-frame, surface
and solid modeling of oEmnS@m 3D transformation is similar to 2D operation. With

- an additional axis, ie., X, y and z directions. The common transformation functions
explained under 2-D transformations are explained briefly here.

Translation' i '

A point in a three-axis system can be located by specifying its x, y and z
coordinates. These coordinates can be treated together as a 1x3 matrix, like (x, y, N\G
For example, the matrix (3, 2, 5) can be interpreted to be a point located at 3 units
from the ongin in the x-direction, 2 units from the ongin in the y-direction and 5 units
from the origin in the z-direction .@Ew method of representation can also be extended
to identify a line as a 2x3 matrix by giving the x, y and z coordinates of the two end
points of the line. Thus, a line in 3-D can be represented by-
x1 y1 2| -

Xz y2 z2

L=

The translation matrix for a point in 3-D is given by-

e (3-9a)
where, m, nand p are the increments in x, v and 2 directions respectively. In matrix notation,
this can be represented for a point as, '

T = (m,n,p)

V2= k) + T . —= Cb) wn(3-9D)
(k)
Any geometnc element in space can be translated by using equation (5%} to
:  each point that defines the element. For a line, the transformation matnix is applied
{ tloitstwoend poinis.

€ A

CONPUTER GRAPHCS

Scaling
The scaling transformation in 3-D is given by-

m00
S=[0no0 o, Mrmew 00 W, (3-10)
00p

For equal values of m, n and p, the scaling is linear. It is also possible to give
different values for each of m, n and p, so that a different shapes can be obtaineq
from a original image. , \

’

'

Rotation . .
Rotation in 3-D can be defined for each of the 3 ax¢s x, y and z. Rotation about x
axis by an angle is represented by the matrix,

1 0 0 .
Rx=(0 cos® -sinf vennn(3-118)
0 sinf® cosb

Similarly, rotation by angle , about y-axis is-

cos@ 0 sin® o
Ry=| 0 1 0
-sin@ 0 cos®

(3-11b)

and rotation by an angle , about z-axis is-

cos@ -sinB 0 . o
R; = [sin® cosB 0 v (3-11C)
0 0 1

LS

343 CONCATENATION T Cocnlotne \ e nifycrnadith |

Cn&iacm_ transformation operations like translation, rotation, scaling, etc., can
be combined as a sequence of transformation. This process is called Concatenation,
and the combined transformations are called Concatenated %EE@QEEUE.;“

While designing a CAD model, many times, editing bacomes very complex, and
laborious job, if the transformations are used individually. In such cases, the use of
concatenated transformations reduces the designers job and time to a considerable
extent. Multiple editing functions can be performed using a single concatenated
transformation] Howrever, it is not possible to combine all kinds of transformations.

{ Some combination of concatenated transformations are:
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CAD/CAM CORPUTER G , _ )
LAY
*: Sastlon ol azjelement aboan arbitrary point in the elomont, N o 4o dh nin db
ol _ or (¥ y") (9,6 | ﬁ ’
il element but maintaining the location ofone its points in the gam, “ sin4b cou a6
location.

|

In case .?..u above, the sequence of transformation will he -

= (9, 6 0.7011 070M
ongin, rotation about the origin, and then trang

translation 1o )y =0.7071 0707

lation back 1o the otiginal location,

In case (b) above, the element will be sealed (increased) followed by a tranglg.

= (21213,10.6066) (")
tion to locate the desired point at its original position.

—

e (34120)

- b) Concatenatod Transformation

In this both scaling ang Totatlon functiony aro_gombinad, This is porformod by
concatenating tho Lwo soparato trany

- rato translormations fnto.ong matrix, The product of the
two matrices fg- i

mq.:m main function of concatenation is to ohtain a sories of editing operationy.
/image menipulation in one transformation process, This holps to define the coneatg.
nated transformation more precisely, assisted with efficiont nc:_:c_.n:eb

The simplest way to obtain the sequenco of concatenated transformation In ono
ransformation is 1o express the transformation operations in a matrix form {ng ox.
plained in 2-D and 3-D transformations). For example, if wo have to scalo o polnt by g
factor of 3 in a 2-D system, and then rotate it by 60, then concatonation in simply the
product of two trangformation matrices. The order of matrix multiplication should hg

=

csn e (39 |07 020m| (24213 2.1213 _
03" |-0.70m 07071 * |-2.1213 21213 '

By using this concatonatod transformation matrix, to the orlginal polnt, weo got,

4:...n.ﬂq,-vma ﬁq
: i f | Y . Mol e v N.‘_Nﬂu N#N_u A ,u - T M -

the same as the order in which the transformation functions are desirod. Concatong. (x', ') = (3,2) 1213 24713 ,

tion of a series of transformations involving translation is a complox procos 1o —_— .. W

ezplain. However, the modern CAD system being more poworful, thoy are capablo of ,
petforming all such operations,

= (21213, 10.6065) — .@

3 .......ﬂQ_.HMht ' ;
oy |
- 7 T 9 P Both rosults E;Qy and (3.1 .f are the samo, which indic itos that concatona.
1 -0: Consider 4 2 fus system givon by (3, 2). Transform I \ l concatona
._m‘mmaﬁ% Ry onicer @ polnt In 2.0 QEEM. ,.«”s\ ..w Vibid ' ton yiolds the snmo ot ay that of individug) translormation opotatlons, but (ho
i line o scele by a lactor of§ and rotato by 45° (CCW) using- Ay computation fo much simplor and (agtor, .
&) Individual sequential transformation operation 1

; Example 390: A 1o Is dofined o5 2.0 space by Tts"ond points (12 and {6, )
b} Concatenated transformation,

Exprogs this in matrix notaton and porform the transformations.
. rotate tho lino by 90° (CCW) abowt tho orlgln
=fieale tho e Ly o faetor of 0.6

Solution:

) Sequential Tranclonmation. .

Congider the scaling operation, und ucing equation 4478), ot o) First by ushig soquenttal transfornation,
(', v =(z,9)8 l) Thon by using concatonatod tansformation,
v u) Show the soqguonea of transtormation i ..__:::_::.:_.::_...,3::...4:2_. s
’ ’ r ;i ”“ C Y
o (x.y) =42 04a .ﬁ\.u\_h___?c.h_.
= (640,046) = (5, 6) ) Suquential Transformation _
”, ' ] v '

Nows petform the retation operation, uzing canation (3-9), lalation by po

Tho ine fn matdy form lo-
(Z,y) = (£, y) 1
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GAD/CAM

1] \,w/

12 '
Ly= 64

Tho rotation matrlx (g

cos 90 #in 0O 01

CRe= =

~5in 90 cos B0 =10
Thoe rotatod line (y- ,
|-21
Ly=
a5 of =13
Scallng by a factor of 0.5
Tho scaling matrix {g.
05 0 .
. 0 05
_.a.c__
{6.4)
(1,2) (1)
"Ly L i L i i i 1 1 i 1 1 i A i S DU
(n) Orlginal iino (b) Rotatod ilno "
(-2,9)

ll[ll._ll.__..‘l_lu_llhl..l_rl
(¢) Scaled fine
Flg. 3-14, Sequence of transformalion

1 COMPUILR GRAPHICS .
The neolod Hne o, Ly = Ly B \ | m
' e ] 0B 0| |1 0b | |
R I K VT R BT (1120) 2
o
-
h) Conontonntod Transformation a
It both otation and seallng aro- comblned. The gonoatonsted fuo, u
tmatex i
Lo fou 0.6
BS=1 50010 __L T__
By uulng this concatenatod trannformatian matedx to tho orlginal lne, wae ¢got:
1?2 06] _|-10b (4:124)
o W _ ‘ 06,0 230
Bath tha rosilts :_._ns ahd (3-12d) wro tho =______=_ honeo the gonoatonntion
tonull [n eonrout,
o) Suquonco of transformation
"I b Dot atod graphlcolly I Flg, 3-14,
(i —— e e e ———— A G A
e Advantagos of Concalonatod Transformatlons
1) An o of combinod transformations can ho computod with minlmum numbor
of ntlthmotie oporationn, |
2) A concatonatod transformatlon fu mere compoct an compared 1o o vogquontial
tionntormation,
3 Thoy can bo nimplifiod by the wio of matileon,
'flo»; S e Yr—
STy WA R - - —
300 MATRIX =:h_:£2;:czm '

\

\ Two dlimonglo

.
e e —————— e b, s s ks

trunmtonmaotlons can Do gally ropresontod 1n oy -
nor uging o 3x3 matilx: Honco, the tansformation of a point (x, y) Lo 4 now polnt (%',
<.C:._\ any rocuonco of tranglations, rotutlons, nud soallnge con ho roprosentaod an-

adn P

fxy 1) b _M _c .w.\E%._.‘c

fx'y1)

The chovo 3x3 matrix SE:_:_ Iy upecition the __5___:,;E\_::_:_; _:\
matthx, o singlo entity 10prosonts the tranaformation,
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