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Fig I1. - Fig 12.
- The electrical analogous elements for the elements of mechanical rotational systemn are given below.
T=ilt) o,-» v, J, = C, B, » 1R, K, — 1L,
o, —> V, J, = C, B, - 1/R, _ K, = 1/
CRE A J; = G

The node basis equations using Kirchoff’s current law for the circuit shown in fig 9 are g'rveh below (Refer ﬁg 10,1
‘and 12).

dv, 1 1 . . .
Crge * RV Vot =i . o ~1(10)
dv 1 1 1 . :
C2 dtz E(VZ _V1)+E;-(V2_V3)+?_T'{(V2 —Vq)dt= 0 .' e {11)
dvy
C,—= = +—(\."3 \.|'2)+——-_[\.r3 dt=0 : _ : L (12)

: Itis observed that the node basis equations (10), (11)and (12) are similar to the differentiai equations (4), (5)and (6
goveming the mechanical system. . '

1.11 BLOCK DIAGRAMS

A control system may consist of a number of components. In control engineering to show the
‘functions performed by each component, we commonly use a diagram called the block diagram. A bloci
diagram of a system is a pictorial representation of the functions performed by each component and o
the flow of signals. Such a diagram depicts the interrelationships that exist among the various components
The elements of a block diagram are block, branch point and summing point.

BLOCK

In a block diagram all system variables are linked to each other through functional blocks. The
Sfunctional block or simply block is a symbol for the mathematical operation on the input signal to the
block that produces the output. The transfer functions of the components are usually entered in th
corresponding blocks, which are connected by arrows to indicate the direction of the flow of signals
Figure 1.25 shows the block diagram of functional block:

~ The arrowhead pointing towards the block indicates the Input, A | Transfer | Output, B
input, and the arrowhead leading away from the block represents ﬁ’g‘g’n B=AG(s)
the output. Such arrows are referred to as signals. The output '
signal from the block is given by the product of i lnput signal Fig 1.25 : Functional block.
and transfer function in the block. .
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SUMMING POINT |

Summing points are used to add two or more signals in the
system. Referring fo figure 1.26, a circle with a cross is the symbol that

dicates a summing operation. B

The plus or minus sign at each arrowhead indicates whether the signal Fig 1.26 : Summing point

= t0 be added or subtracted. It is important that the quantities being added or
subtracted have the same dimensions and the same units.

SRANCH POINT Branch point
1 bram ' R
A branch point is a point from which the signal from a block A ‘B=AG
Zoes concurrently to other blocks or summing points. A
. —
CONSTRUCTING BLOCK DIAGRAM FOR CONTROL SYSTEMS Fig 1.27 : Branch point.

A control system can be represented diagramatically by block diagram. The differential equations
Zoverning the system are used to construct the block diagram. By taking Laplace transform the differential
=guations are converted to algebraic equations. The equations will have variables and constants. From the
working knowledge of the system the input and output variables are identified and the block diagram for
=ach equation can be drawn. Each equation gives one section of block diagram. The output of one section
«ill be input for another section. The various sections are interconnected to obtain the overall block
=iagram of the system.

EXAMPLE 1.14
Construct the block diagram of armature controlled de motor.
SOLUTION
The differential equations governing the armature controlled dc motor are (refer section 1.7),
. _di
Va=|aRa+La'atE+eb _ 1)
T=Kij, R @
do
T=J — '
T | | @)
8, =K, © R (4)
1 ©= %?- : ' _(_53
Ontaking Laplace transform of equation (1) we get, _
V,(s)=L{s) R, +L, s L(s)+E,(s) i . {6)
In equation (8), V,(s) and E,(s) are inputs and | (s) is the output. Hence the V.(s}-Eyfs) .
=zuation (6} s rearranged and the block diagram for this equation is shown in fig 1. Vi(s) 1
V,(8) - Ey(8) = () [Ry +5 L,] - Ry +5L,
1 Eb(s}
“a(8) = m [Va(s) = E,,{s)] Fig 1.
On taking Laplace transform of equation (2) we get, L,(s) - T(s)
- T(s) = K 1.(s) ) ]
- Fig 2.

In equation (7), | (s) is the input and T(s) is the output. The block diagram for this equation is shown in fig2.
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On taking Laplace transform of equation (3) we get,

T(s)=Js a(s) +Bo(s) o @)
In equation (8), T(s) is the input and o(s) is the output. Hence the equation (8) is rearranged and the block diagram
this equation is shown in fig (3). T(s) 1 o(s)
. -
T(s) = (Js+ B) o(s) ) Js+B
 ofs) = — Fig 3.
- - ofs) Jo<B T(s)
' On taking Laplace transform of equation (4) we get, o(s) Es)
:
E = e 9 .
o(8) = K, o(s) ) Fig 4.

In'equation (9), o(s) is the input and E,(s) is the output. The block diagram for this
equation is shown in fig 4.

On taking Laplace transform of equation (5) we get,

wo(s) =s B(s) {10
Inequation {10), »(s) is the input and 6(s) is the output. Hence equation {10} is rearranged ahd the block diagram for ti
equation is shown in fig 5. o(s) ] 6(s)

8(s)= %m(s} : : Fig 3.

The overall block diagram of armature controlled demotor is obtained by connecting the various sections showninfig 1
fig 5. The overall block diagram is shown in fig 6.

V(s)-Esls)

V.(s) SR ] l(s) __T(s) 3 ofs) o(s) -

(s)

@
Ko

Fig 6 : Block diagram of armature controlled dc motor.

EXAMPLE 1.15

Construct the biock diagram of field controlied dc motor.
SOLUTION

The differential equations goveming the field controlled dc motor are (refer section 1.8),
. di
v =R{i; + L, — ‘
f Fg ¥ f . e T
T=Kqi
d _ do

T=J—+B —
dt? dt

On taking Laplace transform of equation (1) we get,

V,(s) =R, k(s) L s I(s)
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Inequation (4), Vi(s) is the input and I,(s) is the output. Hence the equation (4) is rearranged and the block diagram for
& =quation is shown in fig 1. '

Vi(s) 1 1{s)
Vi(s) =l(s) [R +sL¢] ' R; + sL,
1 : .
o l(s) = Fig 1.
)= gy Vi) | s
On taking Laplace transform of equation (2) we get,
T
T6) =K, 1(s) - ) g
In equation (5), li(s) is the input and T(s} is the output, The block diagram for this Fig 2.
p=50n is shown in fig 2.
Ontaking Laplace transform of equation (3) we get, -
T(s)=Js?0(s) +Bso(s) T (6) T(s) i o(s)
. —
Inequation (6), T(s) is input and 6(s}) is the output. Hence equation (6) is rearranged Js?+Bs
& Se block diagram for this equation is shown in fig 3. Fig 3
T(s)=(Js* +Bs) 6(s)
LB(8)=—5——Ti
(®) Js? +Bs (©)

The overall block diagram of field controlled dc motor is obtained by connecting the various section shown infig 1 to
- The overall block diagram is shown in fig 4.

1 I{s) T(s) 1

i) —— g
®) Ry + sl Js? +Bs %)
Fig 4 : Block diagram of field controlled dc motor:

—CK DIAGRAM REDUCTION

The block diagram can be reduced to find the overall transfer function of the system, The. following rules can be used

=ck diagram reduction . The rules are framed such that any modification made on the diagram does not alter the input-output
RO

RULES OF BLOCK DIAGRAM ALGEBRA

Rule-1 : Combining the blocks in cascade

'AG,G,

AG, AG,G
A - . et A G1G2 1=z

Rule-2 : Combining Parallel blocks (or combining feed forward paths)

A(G+G
A GG, (G+G,)
A AG ' A AG
—e—Gl—> _
A AG A

5




153

Rule-4 : Moving the branch point before the block

) AG
A G—o2G, RPN ) REAEN
o
AG ] DG AG

Rule-5 : Movmg the summing point ahead of the block

A+B (A+B)G

=
AG q‘ AG+B

Rule-7 : Interckangmg summing pomt

A+B A+B-C A g A~C % A-C+B=A+B-C

[

Rule-8 : Splitting summing points

B
A % A+B-C -
C

Rule-9 : Combining summing points

e E

B
A Y, A+B-C
.
Rule-10 : Elimination of (négative) feedback loop
R—C H) (R-CH)G
cC = R G . C
- 1+ GH
Proof:
C=R-CH)G = C=RG-CHG = C+CHG=RG
C G
#CI+HG)=RG = Z=T—Cu
" Rule-11 : Elimination of (positive) feedback loop
O c ' _
—e—1+—> R G ] ¢
e = " i-GH E
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EXAMPLE 1.16

1.54

Reduce the block diagram shown'in fig 1 and find C/R.

S LUTION

Step 1: Move the branch point after the block.

B
Lt

Step 2:Eliminate the feedback path and combining blocks in cascade.

Step 4: Combining blocks in cascade

R G, o, . G C
1+ GH 17T g i

C.(_G Va G (G fG1G2+G3 _ GG, +G;

R \1+GHJ| * G (1+GHJ{ G, 1+GH

EESULT

C_GG,*G
Th li transfer function of the system, —=——2_—3.
e overall tran Y R 1+GH
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"EXAMPLE 1.17
Using block diagram reduction technique find closed loop transfer function of the system whose block diagram is show

infig1.

ke

: Fig L.
SOLUTION

Step 1: Mmring the branch point before the block

Step 2-Combining the blocks in cascade and eliminating parallel blocks

»GJ

b |
3 aé




" Chapier 1- Matbematical Models of Control Systems 1.56

Step 5:Eliminating the feedback path and combining blocks in cascade

R 5 5% »G,G,7C, RS

. I G1
- 1+GHG;
Step 6 Eliminating the feedback path
R_, c D |GGG +Ga) .C
1+(GGH) g
"
GGGy +Gy) G,G,G; + GG,
1+ GG,H, N 1+ GG,H, - GG,G; + GG,
1+ G(G,G3 +Ga) Hy 1+G{GoH, + G,G3H, + GHy 1+ GGH, + G,G3H, + GH,
1+GGH, Gy : 1+ GGH, '
Step 7-Eliminating the feedback path
R GGG, + GGy C
1+ G1G2H1 + G2G3H2 + G,‘Hz
GiG,G3 + GGy

C_ 1+ GGH+G,G3H, + GyHy _ G,G,G; + GGy
R~ 14 GG.G; + GG, 1+ GGH, + G,GiH, + G H, + GGG, + GGy

1+ GG,H; + G,G3H, +Gy4H;

RESULT

The overall transfer function is given by,

c_ GG,G; + GG,

R 1+ GGH, + G,GyH, + GH, + GGG, + GGy

=XAMPLE 1.18
. . Cfs) . - :

Determine the overali transfer function @ forthe system shown in fig 1.

Fig 1.
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SOLUTION

Step 1: Moving the branch point before the block

HC {s)

C(s)
HGf—>

Step-l :Combining the blocks in cascade and eliminating feedback path

G Cls)
G 3 : »
. 1+ GHG, | <!

Step & : Combining the blocks in cascade
: _ GGy

1+ G4HGs
1+ &'Hz

/ 1+ GHG,
G5G, N[ ,C(S)

: G.
T+ GBG4H1 + GZGSHZ .

o
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Step 6 - Eliminating the feedback path

R(S) GG,G, _ = c(s)
1+ GGGJHT + G2G3H2 =
(G

Step 7 :Combining the blocks in cascade

G{G,Gs

1+ G,G H, + G,G,H,

GGG

1 1~y G
TIE GG H, + GG, | X
/

. * !

R(S) : GG,G, _ C(S)
| 14 GaGH; + G,GaH, + GG,G.G, —

cls) _ GG,G,G,
R(S) 1+ GaGaHy + G,G3H, + GGGy
{=SULT

The overall transfer function of the system is given by,

Cs) GG,G,G,
R(s) 1+G,G,H, + G,G.H, + GG,G.G,

= XAMPLE 1.19

For the system represented by the block diagram shown in fig 1. Evaluate the closed loop transfer function when the
rrict Ris (i) at station-| (i) at station-ii.

‘ Station-li
C(S
92 )
Hle
{H
Fig L.

=JLUTION

0] Consider the input R is at station- and so the input at station-ll is made zero. Let the output be C.. Since there
is no input at station-Il that summing point can be removed and resulting biock diagramis showninfig2.
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Step 1 : Shift the take off point of feedback H; beyond Gzand rearrange the branch points

Fig 2

Step 2 : Eliminating the feedback H, énd combining blocks in cascade

—{HJe—{ 1G]«

vO

;1

Step 3: Eliminating the feedback path

G,G; |

Vp

3

1+ GaHy
.............. iy
& Lii" :
G, G GG :
1+GyH, B 1+GzH, G,Gs !
. _GpGs x Hy 1+ _GoHy 1+ GaH, +GoH,
1+G3H2 G3 1TG3H2
Step 4: Combining the blocks in cascade
R GG, C
G : >
1+ GsHy + GgH;
= .
i
Step 5: Eliminating feedback path H, :
| GGG, C
| 14 GaH, + GH; "
[Fije -

GGG,

1+ GyH, + GoH,y GGG,

GGGy <H 1+ GaH, + GoHy + GiG,GaH,

1+ G3H, + GoHg

1
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CGys) GiG,G3
R(s) 1+ GyH, + GH; + GG.G3H,

(@ Consider the input R at station-1i, the input at station-1 is made zero. Let output be C,,. Since there is no inputin’
station-1 that corresponding summing point can be removed and a negative sign can be attached to the

feedback path gain H,. The resulting block diagramis shown in fig 3.

Step 1:Combining the blocks in cascade, shiftirng the summing point of H, before G, and rearranging the branch points. -

\ A%

Fig 3.

v O

v

o
x
I
|
h

A".“

_ G .l gp Ml [_G |, -GHG; -H, | _ ~G,(G\GzH, +Hj)
1+ G,H, TG, 1+ G,H, G, (1+ G2H,)G,
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Step 5: Eliminating the feedback path

' C,
T —G3(GGH; +Hy) <
(1+G,H,)G;
] e
_ Gy _ = G, = Gy(1+ GyH,) ]
1- —(GGH, + Hy) ) G 1+ GoHy + G5(GG,H, +Hy) T+ GoH,y +Ga(GGH, +Hy)
‘I -+ Gsz 3 1 + GzHS
G, Gy(1+ G,H,)

R 1+ GoHy + Ga(G{GH, + H,)

RESULT

The transfer function of the system with input at station-| is, :
R 14+ G3H, + GyHy + GG,G3H,

The transfer function of the system with input at station-ll is,
G _ G3(1+ GoH,)
R 1+ GyH, + Gy(GG,H, + Hy)

EXAMPLE 1.20

For the system represented by the blor_:k diagram shown in the fig 1, determine C,/R, and C, /R, -

- SOLUTION

C,
Case (i) To find F’
T

In this case set R, =0 and consider only one output C,. Hence we can remove the summing point which adds R, and
need not consider G, since G;is onthe open path. The resulting block diagram is shown in fig 2.
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Fig 2.

Step 2-Combining the blocks in cascade and splitting the summing point

......

.
R e P S ©

1+ G, ——Gd

Step 3: Eliminating the feedback path

- . C
R, % & e 1
T ‘ G,GHH,
' 1+ G,

Step 4: Combining the blocks in cascade
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Step 5. Eliminating the feedback path

GG,(1+G,) C,
(1+ G4) - GG.GsHH,

R, | (1+G,) - GG,GHH, = C,
1t GG, (1+G,) D’

(1+G,)-G,G,GHH,

Step ﬁ'COmbining the blocks in cascade

R, B GG,(1+G,) C:.
(1+ G,) - GGG HH, + GG,(1+ Gy) :
C, G,G,G3(1+ Gy)

R, (1= GGy) (14 Gy) - GG,GHH,

C,
Case 2 ; To find A
1

Inthis case set R, =0 and consider only one output C,. Hence we can remove the summing point which adds R,and
need not consider G, since G, is on the open path. The resulting block diagram is shown in fig 3.

Step 1: Eliminate the feedback path.
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Step 2: Combining blocks in cascade and splitting the summing point

R, Y
)
. ry
d [Hle
SH G, G <.
. =L|—_|.2J 1+ G _@ g Al
T My
Step 3: Eliminating the feedback path Step 4 : Combining the blocks in cascade
R, G,
11+ GG,
- ] I/
! G,GgH C, .
— 2 : G,G:H C,
1+ G, 45 2 2 » G,
1+ G,
Step 5: Eliminating the feedback path
—Fle
R, G,G,GsH, =l§y—_|_ C
(1+G,) (1+GG,) :
GGGty
R, (1+G,) (1+GG,) C,
_ GG,GH,H,
(1+G,) (1+GG,) |

Step 6:Combining the blocks in cascade

R, R GG,GH, G C,
(1+ Gy) (1+ G G,) - GG, G:HH,
C_ GG4GsGeH,
R, (1+G,) (1+GGy) - GG,GsHH,
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RESULT

The transfer function of the system when the input and output are.R1 and C1 is given by,
G G{G,G, (1+Gy) '

R, (1+GG,) (1+G,) - GG,GHH,

The transfer function of the system when the input and output are R+ and Czis given by,
Co_ G1G4GsGs Ho -

R, (1+G,)(1+GG,)-GG,GHH,
EXAMPLE 1.21

Obtain the closed loop transfer function C(s)/R(s) of the system whose block diagram is shown infig 1.

- C(S)
=\Z" ;
1 i
|
SOLUTION
Step 1 :Splitting the summing point and rearranging the branch points - ;
[Fje | |
R(S i CE) !
(“_‘) G -G, '
|
H,
»G, ;
E
- Step 2 :Eliminating the feedback path 1
. = |
R(S) Y C(s)
P B4 G1 + Gz > d L h 2 .
F 3 - Y
H
.JE] :
Step 3 : Shifting the branch point after the block.
Gy
1+ GH,

» G,
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Step 4 : Combining the blocks in cascade and eliminating feedback path

R(S)

G
- G 2 G
N5 ! 1+ G,H, —G
[H e /G, Je

L H

@

Step 5 :Combining the blocks in cascade and eliminating feedback path

R@) | GGy | c(8)| _GaCs
—- SEVeE -
! T+ GoHy + G,GaH, LG"’.I%_-
- 14 G2Gaty
1+ G,H,
Step 6 :Eliminating forward path GOG
] el hal - N
R(S) G{G,Gs C(s) | 1= Gty » G,GaH,
1+ GyH, + G,GaH, - GGH, 1- ”{';"é'%%%‘(;‘ﬁ [%]
2h 232
el
L Cs) _ G,G,G, .G
TR(s) 1+G.H,+G,GH, - GGH,
=ESULT
Ces) G,G,Gs

The transfer function of the sysiem is RE) 1+ G o + G,GaH, - G1GQH1

+G4

=XAMPLE 1.22

The block diagram of a closed loop systemis shown in fig 1. Using the block diagram reduction technique determine the
=csad loop transfer function C(s)/R(s).

=OLUTION

R(S)
—

Stép 7 -Splitting the surnmin_g point.

RS




L7

Step 2 :Eliminating the feedback path.

RE©) |

The transfer function of the system is,

C(s) Ga(s) [Gi(s)+]
Ris) ~ #Gy(s) Hz(s)+G1{5} Ga(s) Hy(s)

R(S) - Gy(s) C(S)
R 1+ Gy(s)Hy(8) ’
Step 4 -Interchanging the sumfning points and combining the blocks in cascade
R(S) Y G,(s) C(s)
G > >
e & raene
Gy(s) Hi(s) e
_ Step 5 : Eliminating the feedback path and feed forward path
e IS
1+ G(s)Hy(s) -
., . Gaf8)
Gy(s) Hy(s) |« 1+ G,(5)Hy(S)
GolS) __Gy(s)Hi(s)
T+Gy(s)Ho(s)
Step & : Combining the blocks in cascade

RELL yEmH Gyls) cE
ST 15, 9h,06) + GEIG M) "
. Cls) _ Gy(s) [Gi(s) + 1]
____,Fi{f,}.._‘ 1+ Gy(s) Hy(s) + Gy(s) Gy(s) Hy(s) 1.
RESULT 3
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MPLE 1.23

tising block diagram reduction technique find the transfer function C(s)/R(s) for the system shown in fig 1.

{H,J—

Fig L.
BCCUTION

S#ep 1 :Rearranging the branch points

C(s)

Stgp 3 : Moving the branch point after the block.

)]
9

ge!

M@
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Step 4 :Moving the branch point and combining the blocks in cascade.

C(s)
- C(8)
Step 6 :Eliminating feedback path and interchanging the summing points.
. Hile
R(S) G, C(s)
———»@_ )—r@}—»@——; v
2 3 1+ GaHH,
Hy(1+ GgHH,) 1
L/ GG,
GGG
1+ GHH, GGG,
1- G,G;GH; 1+ G,HH, - G,G,GyH;
1+ GHH;
Step 7 :Combining the blocks in cascade and eliminating the feedback path
R(S) 5 G,G,Gy C(S)
> 1+ GyHH, - G,G3GH, o
H,(1+ G HH,)
G3G4
s _
GG,G4Cy
1+ G HH, -GGG H, G,G,G1G;

‘1 + —_— —1.'—_.— —_— — -
1\ 1+ GAHT!—'2 - G2G3G4H3 RN G3G4

1 GG,GG, ] [ H 1+ G4H1H2}] T e GHH; - G,GGH, + GGH (1+ GiHH,)




 Ghapier 1- 2 Models of Control Systems 170

Step & : Eliminating the unity feedback path.

R(S) | GG,G.G, - C(s)
' 1+ G HH, — GGG H; + GGH, (1+ GHA) -

: G{G5G4G,
Cls) _ 1+ GyHH, — GoCGyGHa + GyGH, (1+ GaHHy)
TRE6) 4y G{G,G;Gs
1+ G HH, — G,G3G H, + GGoH, (1+ GHH,)
= ' . . G{G,G3Gy
T 1+ GHH, - G,G3GHs + GGoH(1+ GgHH,) + GG,GsGy
_ G,G,G3G,
T 1+ HH,(Gy + GGoGaHa) + GiGa(Hs + GaGy) - G,G3GaHs

=ESULT
The transfer function of the systemis,
C(s) GGoG4G,y

R(s) e HH(Gy + GGG 4H,) + GGa(H, + GyGy) - GoGaGaHy
* 42 BLOCK DIAGRAM REDUCTION USING MATLAB
“RANSFER FUNCTION OF A SYSTEM '

Let, G(s) be the transfer function of a system. When the transfer function is a rational function of
" then using MATLAB the transfer function can be obtained from the coefficients of the numerator and
“=sominator polynomials as shown below. Let, the general form of G(s) be as shown below.

M M-I M-2
bys” +b;sT  +bysT T +by S+ by
N N-1 N-2
2,8 +a,8  +a8,5 e +a,,S+ay

G(s) =

First, the coefficients of the numerator and denominator polynomials are declared as two arrays as
s=own below. : '

num_cof [bO b1 b2 ........ bml;
den_cof = [a0 al az ........ anl;

]

Next, the transfer can be obtained using the following commands of MATLAB.

G = tf('s");
G = ([num_cofl, [den_cof])

“RANSFER FUNCTION OF CASCADE / PARALLEL / FEEDBACK SYSTEM

Consider two systems with transfer functions G,(s) and G,(s) . Let the two transfer functions be
===ional function of "s" as shown below. - :
bys™ +b,s™ T+ b,sM Pt 4Dy S+ Dy
as" +a,8" " +2,8"  Hernnn: +a3y S+ay

G,(9)=
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M M-1 M-2
dos” +d;s - +d,57 A +dy_s+dy

Cos™ + e, s 40,8 N P +Cy_ S+ Cy

G,(s)=

When the two systems are connected as cascade / parallel / feedback system, then the overé
transfer function of cascaded system / parallel system / feedback system can be obtained using MATLA}

In order to obtain the overall transfer function, first the coefficients of the numerator and denominai
polynomials of G,(s) and G,(s) are declared as arrays as shown below.

num_cofl = [b0 bl b2 ........ bml;
den_cofl = [a0 al a2 ........ anl; |
‘num_cof2 = [d0 di d2 ........ dml;
den_cof?2 = [c0 ¢l c2 ........ CN];

When the two systems are connected in cascade as shown below, then the overall transfer functig
G (s) of the cascaded system can be obtained using the following commands of MATLAB.

—G G} =

6C = tf('s');
[num_cofC, den_cofC]l = series(num_cofl, den_cofl, num_cof2, den_cofz);;

GC = ([num_cofc]l, [den_cofc])

When the two systemé are connected in parallel as shown below, then the overall transfer functig
G, (s) of parallel system can be obtained using the following commands of MATLAB.

S
—+—g—— @ =

<
1

Gpr = tf('s'); :
[hum_cofpP, den_cofP]=parallel(num_cofl, den_cofl, num_cof2, den_con);g

GP = ([num_cofPl, [den_cofP]) ' _ : }

When the two systems are connected in feedback as shown below, then the overall transél
function G;(s) of feedback system can be obtained using the following commands of MATLAB.

il 4 e e e e e e

GF = tf('s");
[num_cofF, den_cofF] = feedback(num_cofl, den_cofl, num_cof2, den_con}i;
GF = ([num_cofF], [den_cofFl) g
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consider the transfer functions of the twe systems given below.
G,(s)=8/(s*+25+9) and G,(s)=4/(s5+6)

Write a MATLAB program to find the overall transfer function if the two systems
are connected as cascade system, parallel system and feedback system.
clc

clear all

Gl=tf(*s’); 62=tf(‘s’); GC=tf(‘s’);6P=tf(*s');GF=tf('s’);
num_cofl=[0 0O 8];

den_cofl=[1 2 91;

disp(‘systeml’);

Gl=tf([num_cofl], [den_cofl])

num_cof2=[0 4]1;

den_cof2=[1 6];

disp(‘System2’);

G2=tf([num_cof2], [den_cof2])

{num_cofc,den_cofc]=series(num_cofl,den_cofl,num_cofz,den_cofz);
disp(‘Cascade system’);
cc=tf([num_cofcl, [den cofcl)

[num_cofP,den_cofr]= para11e1(num cofl den_cofl,num_cof2,den_cof2);
disp(* Para11e1 system');
GP=tf([num_cofr], [den_cofP])

[num_cofF,den_cofF]=feedback(num_cofl,den_cofl,num_cof2,den_cof2);
disp(‘Feedback system');
GF=tf([num_cofF], [den_cofF]l)

2UTPUT
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Systeml
Transfer function:

§A2 + 2 5 + 9

Systeml
Transfer function:

cascade system
Transfer function:
: 32

sA3 + 8 sAZ2 + 21 5 + 54

paralilel system
Transfer function:
4 sA2 + 16 5 + 84

SAZ + 8 542 + 21 s + 54

Feedback system
Transfer function:
8 s + 48

sA3 + 8 sA2 + 21 5 + 86
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1.13 SIGNAL FLOW GRAPH

The signal flow graph is used to represent the control systein graphically and it was developed by
S.J. Mason.

A signal flow graph is a diagram that represents a set of simultaneous linear algebraic equations. By
taking-Laplace transform, the time domain differential equations governing a control system can b
transferred to a set of algebraic equations in s-domain. The signal flow graph of the system can be
constructed using these equations.

It should be noted that the signal flow graph approach and the block diagram approach yield the
same information. The advantage in signal flow graph method is that, using Mason's gain formula the
overall gain of the system can be computed easily. This method is simpler than the tedious block diagram
reduction techniques.

The signal flow graph depicts the flow of signals from one point of a system to another and gives
the relationships among the signals. A signal flow graph consists of a network in which nodes are connected
by directed branches. Each node represents a system variable and each branch connected between twe
nodes acts as a signal multiplier. Each branch has a gain or transmittance. When the signal pass through.
a branch, it gets multiplied by the gain of the branch.

In a signal flow graph, the 51gnal flows in only one direction. The direction of signal flow is:
indicated by an arrow placed on the branch and the gain (multiplication factor) is indicated along thé
branch.

EXPLANATIOH OF TERMS USED IN SIGNAL FLOW GRAPH

Node : Anodeisa pomt representing a variable or signal.”

Branch : A branch is directed line segment joining two nodes. The arrow on the branéh?
indicates the direction of signal flow and the gain of a branch is the transmittance.

Transmittance : The gain acquired by the signal when it travels from one node to another is |
called transmittance. The transmittance can be real or complex. :

Input node ( Source) : It is a node that has only outgoing branches.

Output node ( Sink ) : It is a node that has only incoming branches.

Mixed node : It is a node that has both incoming and outgoing branches.
Path : + A path is a traversal of connected branches in the direction of the branch
' arrows. The path should not cross a node more than once.
Open path | : A open path starts at a node and ends at another node.
Closed path : Closed path starts and ends at same node. _
Forward path : TItisa path from an input node to an output node that does not cross any noda

more than once.
Forward path gain  : It is the product of the branch transmittances (gains) of a forward path.

Individual loop : Itisaclosed path starting from a node and after passing through a certain par
of a graph arrives at same node without crossing any node more than once.

Loop gain : It is the product of the branch transmittances (gains) of a loop.

Non-touching Loops : If the loops does not have a common node then they are said to be non- -
' touching loops.
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*“wOPERTIES OF SIGNAL FLOW GRAPH

The basic properties of signal flow graph are the following :

()
(i)
(iii)
(iv)
(V)

(vi)
(vii)

(viii)

The algebraic equations which are used to construct signal flow graph must be in the form

- of cause and effect relationship.

Signal flow graph is applicable to linear systems only.
A node in the signal flow graph represents the variable or signal.

A node adds the signals of all incoming branches and transmits the sum to all outgoing
branches. ' '

A mixed node which has both incoming and outgoing signals can be treated as an output
node by adding an outgoing branch of unity transmittance.

A branch indicates functional dependence of one signal on the other.

The signals travel along branches only in the marked direction and when it travels it gets
multiplied by the gain or transmittance of the branch.

The signal flow graph of system is not unique. By rearranging the system equations different
types of signal flow graphs can be drawn for a given system.

= SHAL FLOW GRAPH ALGEBRA

Signal flow graph for a systeﬁl can be reduced to obtain the transfer function of the system using
~e following rules. The guideline in developing the rules for signal flow graph algebra is that the signal at
; =ode is given by sum of all incoming signals.

Rule I : Incoming signal to a node through a branch is given by the product of a signal at prev10us '

node and the gain of the branch.

Example: : X " '
. 2 :>‘7X;

Q

X k 2,
L, ' ' LT Tax,

Rule 2 : Cascaded branches can be combined to give a single branch whose transmittance is

equal to the product of individual branch transmittance.

Example:
a b ab
o—Pp 00 = o » -C
X % X X %

Rule 3 : Parallel branches may be represented by single branch whose transmittance is the sum

of individual branch transmittances.
Example: a
a+b

’%Q"z SRR
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Rule 4 : A mixed node can be eliminated by multiplying the transmittance of outgoing branchg
(from the mixed node) to the transmittance of all incoming branches to the mixed node..

Example
_ X ac |
a
ey s
X2 b X3 3(4 xz be

Rule 5 : Aloop may be eliminated by writing equations at the input and output node and rearrangmé
the equations to find the ratio of output to input. This ratlo gives the gain of resultanr

branch.
E i
xample ab
1-bc
o ! O
a b X U_ ' %

o
b?Ctl
“qu

Proof:
Xy =axy+X; ; X3 =Dbx, _
Put, x, = ax; +x; in the equation for x,.
©oXg=blax; +ex;) = xp=abx;+box; = x;-bexz=abx; = x;(1-bc)=abx,
. X5 _ ab '
"X 1-bc

SIGNAL FLOW GRAPH REDUCTION

The signal flow graph of a system can be reduced either by using the rules of a 51gr1aI flow graph
algebra or by using Mason's gain formula.

For signal flow graph reduction using the rules of signal flow graph, write equations at every nodc‘
and then rearrange these equations to get the ratio of output and input (tmnsfer function). l

- The signal flow graph reduction by above method will be time consuming and tedious. S.J. Masoﬂ
has developed a simple procedure to determine the transfer function of the system represented as a signa
flow graph. He has developed a formula called by his name Mason's gain formula which can be directly
used to find the transfer function of the system.

MASON'S GAIN FORMULA

The Mason's gain formula is used to determine the transfer function of the system from the signal
flow graph of the system.

Let, . R(s) = Irfput to the system
C(s) = Output of the system
Now, Transfer function of the system, T(s) = % ' weee(1.34)
)

Mason's gain formula states the overall gain of the system [transfer function] as follows,

. _1
Overall gain, T_Z ; PyAg (1,355
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where,

T = T(s) = Transfer function of the system
= Forward path gain of K forward path
Number of forward paths in the signal flow graph

> RO
I

= 1 — (Sum of individual loop gains)
. Sum of gain products of all possible
combinations of two non - touching loops

Sum of gain products of all possible
combinations of three non - touching loops

Ag

il

A for that part of the graph which is not touching K¢ forward path -

“ONSTRUCTING SIGNAL FLOW GRAPH FOR CONTROL SYSTEMS

A control system can be represented diagrammatically by signal flow graph. The differential equations
severning the system are used to construct the signal flow graph.The following procedure can be used to
soastruct the signal flow graph of a system.

1.

Take Laplace transform of the differential equations governing the system in order to
convert them to algebraic equations in s-domain.

The constants and variables of the s-domain equations are identified.

From the working knowledge of the system, the variables are identified as input, output and
intermediate variables. -

For each variable a node is assigned in signal flow graph and constants are assigned as the
gain or transmittance of the branches connecting the nodes. :

For each equation a signal flow graph is drawn and then they are interconnected to give
overall signal flow graph of the system.

PROCEDURE FOR CONVERTING BLOCK DIAGRAM TO SIGNAL FLOW GRAPH

The signal flow graph and block diagram of a system provides the same information but there is no
sandard procedure for reducing the block diagram to find the transfer function of the system. Also the
=lock diagram reduction technique will be tedious and it is difficult to choose the rule to be applied for
smplification. Hence it will be easier if the block diagram is converted to signal flow graph and Mason's
gain formula is applied to find the transfer function. The following procedure can be used to convert
~lack diagram to signal flow graph. '

1.

Assume nodes at input, output, at every summing point, at every branch pointand in between
cascaded blocks.

Draw the nodes separately as small circles and number the circles inthe order 1,2, 3, 4, .....
etc. '

From the block diagram find the gain between each node in the main forward path and
connect all the corresponding circles by straight line and mark the gain between the nodes.

" Draw the feed forward paths between various nodes and mark the gain of feed forward path

along with sign,
Draw the feedback paths between various nodes and mark the gain of feedback paths along
with sign. '
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EXAMPLE 1.24

Constructa signal flow graph for armature controlled de motor.

SOLUTION
The differential equations goveming the ammature controlled dc motor are (refer section 1.7).
-va=iaRa+La%+eb; T=Kij,; T=J%T~+Bm; e =K, 0; o =de/dt
Ontaking Laplace transform of above equations we get,

V($)=1(S)R +L sl (s) +E (s)

1)
T(s) = K1(s) ()
T(s) =dsals)+Bosy (3)
E@=Ko® (4)
o(s) =s6(s) ...{5)

The input and output variables of armature controlied dc motor are armature voltage V (s} and angular displacement
6(s) respectively. The variables | (s), T(s), Eb(s) and o(s) are intermediate variables.

The equations (1) to (5) are rearranged & individual signal fiow graph are shown infig 1tofig 5.

V() - Eo(8) = L ()[R, +5 L] | PAS 1
.[ d
~Lis)= Rasl [Va(s) - Eq(s)] Ve . Qﬁ‘ R, +sL, L)
2 2 o= > - > o
TE)=K,1(5) o 5 O 2
Fig 1 . Fig 1 Ey(s)
T(s)=o(s) [Us+B] Jsi 5
1 - o > o -
.o(s) = 1B T(s) T(s) o(s)y Fig3
_ o(s)
E (s)=K ofs) :
b -] . - Kb
Ey() Fig 4
w(s) = 56(s)
o(s) 1/ 8(s) ,
~8(s)= —g-m{s} ° f © Fig 5

. The overall signal flow graph of armature controlled dc motor is obtained by interconnecting the individual signal fiov®
graphs shown in fig 1 to fig 5. The overall signal flow graph is shown in fig 6. -

1 1
Vi) 1 vs)-Efs) R.+sl, L) K T(8)  JssB  ofs) s 6(s)
o > Q —»- o > o > o > o

»

L Efs)

Fig 6 : Signal flow graph of armature controlled dc motor.
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Find the overall transfer function of the systém whose signal flow graph is shownin fig 1.

_H2
R(s) G, G, G, G, G, 1
:1: =1 Q > 3\;_/3 > e g\:/? > g
' —H, -H,
soLUTION s Fig 1
Forward Path Gains
There are two forward paths. . K=2
Let forward path gains be P1and P2 .

R(s) 1 G, G, G, G, G, 1 Cs)
T2 3 4 s = & = 7 = s
Fig 2 : Forward path-1
R(s) 1 G, G, 1 C

T,

Fig 3 ;: Forward path-2.

Gain of forward path-1, P1 = G1 (32(33G_i G5
Gain of forward path -2, P GﬂGsGﬁ

Individual Loop Galn

There are three individual Ioops Letindividual loop gains be P11, P21 and Px.

S e, N2

Fig 4 : Loop-1. Fig5: Loop—2 Fig 6 : Loop-3.

Loop gain of individual Ioop—t, Pn =-GzHn
Loop gain of individual loop-2, Pz =-G2GsHz
Loop gain of individual loop-3, Ps1 = -GsHs
‘i. Gain Products of Two Non-touching Loops

There are two combinations of two non—touchlng loops. Letthe gain products of two non touching loops be Przand Pzz.

Fig 7 : First combination of 2 non-touching loops. | Fig 8: Second combmauon of- 2 non—touchmg f oops.

Gain product of first combination .
of two non touching loops } Prip =Py = (-GoHy) (-GsHy) = GoGsHH,

Gain product of second combination
Py, =P, Ps = (—G,GsH,) (-GsH3) = G,GaGsHH
of t nOf-‘ItﬂUChiﬂg]OODS } 22 2'P31 { 213 2}( 5 3.} 235t 12
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IV. Calculation of A and A,

A = 1-(P1+ P21+ Px) + (P2 + Po)
= 1= (GaHi- GaGaHz- GisHs) + (GeGisHiHo+ GaGaGisHaHs)
=1+ GzHi1+ GoGsHz + GsHs + G2GsH1Hs + G2G3GsHzHz
Ay = 1, Since there is no part of graph which is not touching with first forward path.

-The part of the graph which is non touching with second forward path is shown in figo.

o 3 > 4
Az = 1-P11=1-(-GzHi) = 1+ Goth \:3:/
V. Transfer Function, T _ o

By Mason's gain formula the transfer function, T is given by,

1 1
T = KZ Ped = (PA;+P,A;)  (Number of forward paths is 2 and so K =2)
K

G,G,G3G,Gs +G,GG; (1+ G,H,)
1+ GzH; + G,G3H, + GgH, + G,GsHH; + G,G3GsHH,
GiG,G3G,G5 + G,G:Gs + G,G,GsGgH,
T+ GgH, + GyGaH, + GsHy + G,GsHH; + G,G3GsH,H;
G,G4Gs [G/G; + G / G, + GeHy]
1+ GH; + GG3H; + GgHs + G,GsH{H; + G,G3GsH H;,

il

EXAMPLE 1.26 : ’

Find the overall gain of the
system whose signal flow graphis R(s) 1
shown in fig 1. ©

SOLUTION

Letus number the nodes as shown in fig 2.

I. Forward Path Gains

There are six forward paths. .. K=6

Letthe _fomard path gains be P1, Pz, P3, P4, Ps and Ps.

70 °8
Fig 3 : Forward path-1. Fig 4 : Forward path-2.
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7° 8
Fig 5 : Forward path-3

7 ’Hz
Fig 7 : Forward path-5 . Fig 8 : Forward path-6

Gain of forward path-1, P1=G2Gs Gs

Gain of forward path-2, P2= Gs Gs Gr

Gain of forward path-3, Ps=G1 Ga G7

Gain of forward path-4, Ps=G3Gs Gs

Gain of forward path-5, Ps=-G1GsGrGsH

Gain of forward path-8, Ps=-G1G2GsGsH:
! Individual Loop Gain

There are three individual loops. - H,

Letindividual loop gains be Pn, Pz1and Pst. o
H, 79

G
3 oA 4 H)

> o4

Fig 9: Loop-1 Fig 10 : Loop-2

Loop gain of individual loop-1, P11=-GsHs 7 8
Loop gain of individual loop-2, Pz =-GsH: _ . -H,
Loop gain of individual loop-3, Pai= GiGsHiH2 . Fig11: Loop-3
Gain Products of Two Non-touching Loops . G
-H _ >
There is only one combination of two non-touching 3 1 G,

cees. Let gain product of two non-touching loops be Pr. > 4 -H,
Fig 12 : Combination of 2 non-touching loops

} Pz =PyPy = (-G4Hy) (-GsHy) = G,GsHiH,

- g8

Gain product of first combination
of two non - touching loops

«. Calculation of A and A,
A

*

1-(P11+P2a1+Pai) +Prz = 1-(-GaH1- GsHz+G1GsH1Hz2) + GaGsH1Hz
1 + GaH1 + GsHz-G1GsHHz + GaGsH1Hz2
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The part of the graph non-touching forward path - 1 is shown in fig 13.
~Ar=1-(-GsHz) = 1+GsHz

The partofthe Qraph non-touching forward path -2 is shown in fig 14.
o Ae=1-(-GaHi) =1+ GaH1

There is no part of the graph which is non-touching with forward paths 3, 4, 5and 6.

A3 A= A= A=
V. Transfer Function; T

By Mason's gain formula the tansfér function, T is given by,

T= —;— [Z'PK AK} (Number of forward paths is six and so K =6)
. _K'

= 71— (PA+PoA, +Padg + PeA, + PsAs + Pdg)

G,G4Go(1+GeH,) + GaGsGy(1+ G Hy) + GiG,G, + GGG
- G1G3G?GBH‘I — G1GEGSG8H2
1+ G,H, + GgH, - GGgHH, + G,GHH,

EXAMPLE 1.27

Find the overall gain C(s)/R(s) for the signal flow graph shown infig 1.

SOLUTION
I. Forward Path Gains

There are two forward paths. .. K=2. Letthe forward path gains be P, and P,,

R(s) - @, G, G, G, C@
o > < > - o ' o
1 .2 3 4 5
Fig 2 : Forward path-1
R g, G C(s)
o
1 2 3 4 5
Fig 3 : Forward path-2 G,

Gain of forward path-1, P,=G,G,G,G

27374

Gain of forward path-2, P,=G,G,G;
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l adividual Loop Gain

There are five individual loops. Let the individual loop gains be p, . p,,, Ds,, b41_and P;-

-H, C:zz 5
2 \J ’
2 3 4 A '

Fig 4 : loop-1 Fig 5 : loop-2 Fig 6: loop-3
& G S,

G;

Fig 7 : loop-4

4
_ Fig 8 : loop-5
Loop gain of individual loop-1, P, =-G,GH, '
Loop gain of individual loop-2, P,,=-H,G,
Loop gain of individual loop-3, P,,=-G,GH,
Loop gain of individual loop-4, P,,=-G,G,GH,

Loop gain of individual ioop—5, P, =G,

I Gain Products of Two Non-touching Loops

There are two combinations of two non-touching loops.
Let the gain products of two non-touching loops be P, and P,,.

G, G, 4
3 . 5
’ @ G 2 ‘ S G
- “Hz 4
Fig 9 : First combination of Fig 10 : Second combination of
two non-touching loops two rnon-touching loops
Gain product of first combination P —P.P. = (_GH) G = G.GH
of two-non touching loops 2= P = (G, 2.)( 5)= GGk
Gain product of second combination| _ -
of two non touching loops } Po = PsPs = (-GuGeHs) (Gs) = —G,GsGeHs
i Calculation of A and A,
A =1—(Py;+ Py +Pay + Pyy +Py) + (P +Py)
=1-(-GxG3H, - HyG; - G,G3GH; + Gs - G,GgHy)
+(—GgHyGs — G,GsGgHy) a
Since there is no part of graph which is not touching forward path-1, A+=1. :
The part of graph which is not touching forward path-2is shown in fig 11. 4
Fig 11

S A=1-Gs
. “ransfer Function, T

Sy Mason's gain formula the transfer function, T is given by,

T =% ZPKAK {Number of forward pathis 2and so K=2)
K
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(Control Systems Engineering
= [PA +BA; ] = [G1G,6:G, x 1+ G G,Gy(1-Gy)]

_ G,G,G,G, + G,G,G, — G,G,G,G,
1+ G,G,H, + H,G, +G,GG,H; - Gs + G,G¢Hs — G,H,G; — G,G;G4H,
EXAMPLE. 1.28

Find the overall gain C(s)/R(s) for the signal flow graph shown in fig 1

“H, :
R(s) 1 G, s X G, 1 C(s)
o > > »> :
1
. Figl
SOLUTION #
Forward Path Gains
Thére is only one forward path. .-, K=1.
Let the forward path gain be P,.
R(s) 1 G, G, G, G, 1 C(s)
o > o - o > o p o > o » o
1 2 3 4 5 6 7
_ _ Fig 1 : Forward path-1
Gain of forward path-1, P,= G,G,G.G, '
Il. Individual Loop Gain
There are three individual loops. Let the loop gains be P, , P, , P,..
G
94 'Hz 2 G! 92 . :3
N s s s S
-H, 3 4
Fig 3 : loop-1

5
Fig4:loop-2
Loop gain of individual loop-1, P, =-G,GH,

Fig 5: loop-3

Loop gain of individual loop-2, P,,=-G,G,H,
Loop gain of individual loop-3, P,,=-G,G,G,G,

Gain. Products of Two Non-touching Loops

Calculation of A and A,

There are no possible combjnations of two non-touching loops, three non-touching loops, etc.

A=1-(P+Py +P31)
_: 1- (—G3G4H1 - G2G3H2 - G1G2G3G4}

=1+ G3G,H, + G,G.H, + G,G,G5G, '
Since no part of the graph i$ non-touching with forward path-1,A,=1.
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‘u Transfer Function, T

By Mason's gain formula the transfer function, Tis given by,

.} _ S&) =— Z PAy = l B, A, (Number of forward péth islandsoK=1)

_ Rs) A% _
162G3G4

T+ G3G4H; + G,G3H, + GG,G,G,

EXAMPLE 1.29

The signal flow graph for a feedback control system is shown in fi g 1. Determine the closed loop transfer function
= =iR(s).

RGS) g,
o >
1

ELUTIO“

TF Forward Peth Gains

There are two forward paths. -, K=2.

Letforward path gains be P, and P,

RG) g G a G, s C6)
o P O > O fpee——Cr - O P <
1 2 3 4 S : 6.
Fig 2 : Forward path-1
[ .
f G,
RG) g, g, a €O
o > > o
1 2 3 4 5 6

,i Fig 3 : Forward path-2

Gain of forward path-1, P1= G:1G2G3Ge Gs
Gain of forward path-2, P.= G1G2GeGs

. Individual Loop Gain

There are four individual loops. Let individual loop gains be P11, P21, P31 and Pa.

G G G,
2 v 3 3 ‘@3’ 4 4@ 5 3 A
Ho H, “H, H, A,
Fig 4 : loop-1 Fig 5:loop-2  Fig 6: loop-3 Fig 7 : loop-4

Loop gain of individual loop-1, P, = G,H,
 oop gain of individual loop-2, P, = G,H,
Loop gainof individual loop-3, P, = GH,
Loop gain of individual loop4, P,.= G.H H

41 6 2 3
M. Gain Products of Two Non-touching Loops v :

There is only one combination of two non-touching loops. Let the gain Fig 8 F irst combmaaon of
EcEs of tvo non-touching loops be P, : two non touching loops
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} Py = (GgHy) (GaHa)

=G,G,HH,

Gain product of first combination
of two non - touching loops

V. Calculation of A and A,

A=1=(Py+ Py + Py +Pyy) + Py,
=1-{GH; + GaHy + GgH; + GgHHg) + GG HH;,
=1- GzH1 — G3H2 - G4H3 — GBHZHﬁ + G2_G4H1I'i-3 :
Since there is no part of graph which is non-touching with forward path-1and 2, A=A=1

V. Transfer Function, T

By Mason's gain formula the transfer function, T is given by,

T é% Z P, = %{P,A, +P,A,) (Number of forward paths is two and so K =2)
- : . .

= G1G2G3G4Gs + GiG,GsGe
1- G H, - GjH; — G4Hs — GgHoHs + G,G4HH,

EXAMPLE 1.30

Convert the given block diagram to signal flow graph and determine C(s)/R(s).
> G
L=

R(s)

SOLUTION
The nodes are assigned atinput, output, at every summing point & branch pointas shown in fig 2.

R(s) -
1 5 3
. . |
[H |} Fig2 |
The signal flow graph of the above system is shown in fig 3.
-G,
R(s) 1 1 G, G, 1 C)
o > > d » o > > o
1 2 3 4 5 - 6
“H Fig 3

. Forward Path Gains

There are two forward paths. .-. K=2
Letthe forward path gairs be P, and P,
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Ris) 1 . 1 G, G, 1 C)
"o " > o > o > o—> o
1 2 5
R(s) 4 1
o > O »-
1 . 2 3 4 5 6

‘Fig 5 : Forward path-2
Gain of forward path-1, P=G.G, '
Gain of forward path-2, P,=-G,
I Individual Loop Gain

: _ _ 2\, 3 /4
There is only one individual loop. Let the individual loop gainbe P, ,. . \i/
Loop gain of individual loop, P,,=-G,H. '

. -H
M. Gain Products of Two Non-touching Loops : Fig 3 : loop-1
There are no combinations of non-touching Loops. .
W Calculation of A and A,
. A=1-[P,] =1+GH
Since there are no part of the graph which is non-touching with forward path-1 and 2,
A=4,=1
¥ Transfer Function, T
By Mason's gain formula the transfer function, T is given by,
1 _ 1 : - _ GG, -G
T== é“ P = K[HA1 +P,,] = _;-fe—jH
EXAMPLE 1.31
Convertthe block diagram to signal flow graph and determine the transfer function using Mason's gain formula.
> G,
C(s
R(8) (s)
Figl -
SOLUTION
The nodes are assigned at input, ouput, at every summing point& branch pointas shown in fig 2.
' 3~ ’
C(s)
—>
9

Fig 2
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The signal flow graph for the above block diagram is shown in fig 3.

o
A 4
r
>

vy o
ge
B
—t
|®)
o~
“

¥ -

1. Forward Path Gains

There are two forward paths. . K=2.
Letthe gain of the forward paths be P,andP,.

R(s) 1 _ 1 .G 1 G, C(s
o > ﬂ‘J——F—-O—-—b—o——p——-o—y__o
L 2 3 4 6 8 !

Fzg 4 : Forward path i
Ris) 1 1 G, 1 1 1 Cls
- > —C> - T 4 O- > [+ > O P - |
1 2 3 . 4 5 6 7 : 8 g
Gainofforward path-1, P=G,G,G, _ Fig 5 : Forward path-2

Gain of forward path-2, P,=G,G, _ _ _ |
Il. Individual Loop Gain '

There are five individual loops. Let the individual loop gain be P, P Py, P,and P,
- Loop gain of individual loop-1, P,;=-G,G,G,

Loop gain of individual loop-2, P,=-G,G H,

Loop gain of individual loop-3, P,=-G,G H,

Loop gain of individual loop-4, P,= -G,G,

Loop gain of individual loop-5, P,=-GH,
1 G, 1 G, G 1

w4

Fig 6 : loop-1.

k S S !

Fig 10 : loop-5.

010

Fig 9 : loop-4.
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Gain Products of Two Non-touching Loops

There are no possible combinations of two non-touching loops, three non-touching loops, etc.,.

Calculation of A and A,

A=1-[P,#P, 4P, +P +P_] = 14G,G,G,+G,GH +G,GH,+*G,G,+G,H,

273 2
Since no part of graph is non touchlngwnh forward paths-land 2, A = Az 1.
Transfer Function, T

By Mason's gain formula the transfer function, T is given by,
1 1
T= ZZ PA, = -[P,A, +PA,]
k

GG,G; + GG,
: 1+G1G2G3+G1G2H1+G2G3H2 GGy +G Ha
EXAMPLE 1.32
Convert the block d:agram to signal flow graph and detenmne the transfer function usmg Mason' 5 gain formula.
F ]‘
| )
9
G Fig1
L1
BC_UTION
| The nodes are assigned atinput, output, atevery summing point & branch pointas shown infig 2.
. _ .
1%
C(s)
G [ 4
6 7
Fig2

R(s) 1

-
L

1

rward Path Gains

There are two forward path, . .. K=2.

Letthe forward path gainsbe P, and P,



R(s) 1 o G, G, G, 1 1 C(s)
K- - o > O - o P < - < » < - S
i 2 3 4 5 6 7 8
Fig 4 : Forward path-1.
R(s) 1 ' \ 1 C@)

Fig 4 : Forward path-1

Gain of forward path-1, P.=G,G,G,
Gain of forward path-2, .P,=G,
Il. Individual Loop Gain

There are three individual loops with gains P,,P,, and P, . - _

G, G, -H, 4 G,
Nt LG &N £75
1 H 4 + o »> 6 _ 0
. 9 1 ) 5 ) . g' 1
Fig 6 : loop-1. - Fig 7 : loop-2. Fig 8 : loop-3.

Gain of individual loop-1, P,,= G,G,H,
Gain of individual loop-2, P,,= —G,G,H,
Gain of individual loop-3, P,,=-GH,

lll. Gain Products of Two Non-touching Loops

There are no possible combinations of two-non touching loops, three non-touching loops, efc...
IV. Calculation of A and A,
A=1-] p11+P21+P31I =1- G1G2H1 + GszHz + G2H1

-H
Since no part of graph touches forward path-1, A, =1. 2
The partof graph non touching forward path-2 is shown in fig 9. G, 2 -G,
= A, = 1-[G,GH, -G,G,H,- G,H, ] 3 Co4] 5
= 1-G,G,H,+G,GH,+GH, I B ]
9  Fig9

V. Tran‘sfer Function, T

By Mason's gain formula the transfer function, Tis given by,
T= % 2. Ry =% [PA;+P;A,] (Number of forward paths is 2 and so K = 2)
* -
1

A

= ‘g— [G1G263 + G4 - G1G2G4H1 + GzG3G4H2 + G2G4H1]

[G1GyGs + Gy (1- G(GHy +GyGaH, + GHy)]

o

GiG,Gs + Gy = GiG,GHy + G,GiGM, + G,GHy
1= G{G,H, + G,GyH, + G,H,
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=XAMPLE - 1.33

pig 1.

R(s)
—

C(s)
p—

SOLUTION -

C
—p
6 7
]
1
» o
7
' _ -G 1 Fig3
Forward Path Gains o _ 8 ¥
There are four forward paths, .. K=4
Letthe forward path gains be P, P,, P, and P,.
1 1 - G, G, 1 1
O—————p—0 > o > o > o » > »> o
1 2 3 4 5 6 7

1
> o b o
6 7.
Fig 5 : Forward path-2.
1 1
» Qi o
6

7
Fig 6 : Forward path-3.

—t
¥ -

<

% d

Fig 7 : Forward path-4.-

Fig 4 : Forward path-1.

Draw a signal flow graph and evaluate the closed loop transfer function of a system whose block diagram is shown
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. Gain offorward path-1, P.= G.,G,
Gain of forward path-2, P,= -GG,
Gain of forward path-3, P,= G,G,GH,
Gain of forward path-4, P,=-G,G,GH,
Il. . Individual Loop Gain

There are two individual loops, let individual loop gains be P, and P,,. -G,
G,

G, G

» o 3
< P>

L 2

Fig 7: loop-1 : Fig 7 1 loop-2
"Loop gain of individual loop-1, P,,=—G,GHH, : :
Loop gain of individual loop-2, P,,=G,G;H/H,

IIl. Gain Products of Two Non-touching Loops

There are no possible combinations of two non-touching loops, three non-tquching_!oops, etc.,.
IV. Calculation of A and A, '

A=1- [sumofindividualloop gain]=1~ (P +P,,)
=1-[-G,GHH,+GGHH] =1+GGHH,~- GGHH,

173 1 2 1773 1 2
Since no part of graph |snontouchingw:mlhefomardpaths A=A=A= A~1

V. Transfer Function, T

By Mason's galn formula the transfer function, T is given by,

- T= Z PcAg-= hpzzl:ﬂ (Number of forward paths is 4 and so K=4)

G G3 GG, + GGG H, - GGG H,
14 GGyHH, - GGHH,
IG1(G3 —Gp)+ GG HyG3 - Gy) _ Gy(G3 - G,)(1+GH,)
1+ GHH,(G3 - Gy) 1+ GHH,(G; - Gy)

1.14 SHORT QUESTIONS AND ANSWERS

QI. I What is system? :
When a number of elements or components are connected in a sequence to perform a specific
function, the group thus formed is called a system.

Q1.2 What is control system?

A system consists of a number of components connected together to perform a specific function. {n
a system when the output quantity is controlled by varying the input quantity, then the system is called
control system. The output quantity is called controlled variable or response and input quanuty is

called command signal or excitation.

oL3 What are the two major type of control systems?
The two major type of control systems are opein loop and closed [oop systems

Q1.4 Define open loop system.

The control system in which the output quantlty has no eﬁect upon the input quantity are called open
loop control system. This means that the output is not fedback to the input for. correction.
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Define closed loop system.
The control systems in which the output has an effect upon the input quantity in order to maima:n the

_desired output value are called closed loop control systems.

What is feedback? What type of feedback is employed in control system?

“The feedback is a control action in which the output is sampled and a propomonal signal is given to '
input for automatic correction of any changes in desired output.

Negative feedback is employed in control system.

What are the components of feedback control system?

The components of feedback control system are plant, feedback path elements, error detector and
controller.
' error detector

QOpen loop
system (Plant) I Ohutput

Why negative feedback is invariably preferred in a closed loop system?

The negative feedback results in better stability in steady state and rejects' any disturbance signals. It
also has low sensmwty to parameter variations. Hence negative feedback is preferred in closed loop
symems

Controller

Reference input

I 3

What are the characteristics of negative feedback?
The characteristics of negative feedback are as follows :
(i) accuracy in tracking steady state vaiue.
(i) rejection of disturbance signals.
(i) low sensitivity to parameter variations.

(iv) reduction in gain at the expense of better stability.

What is the effect of positive feedback on stability?

The positive feedback increases the error signal and drives the output to instability. But sometimes
the positive feedback is used in minor loops in control systems to amplify certain internal SIQnaIs or
parameters.

Distinguish between open loap and closed loop system.

Open loop Closed loop

1.Inaccurate & unreliable. = 1. Accurate & reliable.

2.Simple and economical. . 2. Complex and costiy.

3.Changes in output due to external 3. Changes in output due to extemal disturbances
disturbances are not corrected automatically, are corrected automatically.

4.They are generally stable. 4. Great efforts are needed to design a stable system

What is servomechanism?

The servomechanism is a feedback control system in which the output is mechamcal position (or
time derivatives of posmon e.g. velocity and acceleration).

State the principle of komogeme} (or) State the principle of superposition.

“The principle of superposition and homogenity states that if the system has responses c,(hand c,t)

for the inputs r.{t) and r,(f) respectively then the system response to the linear combination of these
input a,r,(t) + agrz(!) is given by linear oombmatlon of the individual outputs a,c {t) + a,c,(t), where a,
and a, are constants.
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QL14

01.15

QL16

Q1.17

01.18

Q119

01.20

Define linear system.

A system is said to be linear, if it obeys the principle of superposition and homogenity, Which states
that the response of a system to a weighed sum of signals is equal to the corresponding welghed
sum of the responses of the system to each of the individual input srgnals The concept of linear|
system is diagrammatically shown below.

0 }e0 | o

- System

a,n(1)

System
a,r;(t) + a,r(t)

If e, (t) = a,c,(t) + 2a,0,(1)
art) then system G is linear

oG bret | o

System

Fig Q1.14 : Principle of linearity and superposition.

What is time invariant system?

A system is said to be time invariant if its input-output characteristics do not change with time. Aline
time invariant system can be represented by constant coefficient differential equations. (In line
time varying systems the coefficients of the dlfferentlal eguation governing the system are function
time).

Define transfer function.

The transfer function of a system is defined as the ratio of Laplace transform of output to Lapla
transform of input with zero initial conditions. (It is also defined as the Laplace transform of t

impulse response of system with zero initial conditions).

What are the basic elements used for modelling mechanical translational system?

The model of mechanlcal translational system can be obtained by usmg three basic elements ma
spring and dashpot.

Write the force balance equation of ideal mass element.

Let a force f be applied to an ideal mass M. The mass will offer an opposing force, f_ which |

proportional to acceleration. }_,x
' . g=t, -mIX
Write the force balance equation of ideal dashpot. '

Let a force f be applied to an ideal dashpot, with viscous frictional coefficient B. The dashpot will oﬂ‘d
an opposmg force, f, which is proportional to velocity.

o
dx
f=h=Bg T — —> ——E—I—f f=f,=B —(x1 )

reference

Write the force balance equation of ideal spring.

Let a force f be applied to an ideal spring with spring constant K. The spring will oﬁer an opposu*
force, f,_ which is proportional to displacement.

e
700"

K

Frx
f—» {9

reference K f=f =Kx,-x)

ALY
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What are the basic elements used for modelling mechanical rotational system?

The model of mechanical rotational system can be obtained using three basic elements mass with
moment of inertia, J, dash-pot with rotational frictional coefficient, B and torsional spring with
stiffness, K.

Write the torque balance equation of an ideal rotational mass element.

Let a torque T be applied to an ideal mass with moment of inertia, | ]
J. The mass will offer an opposing torque TJ which is proportional to ™" ¥o
angular acceleration. T=T :Jd_ze_

|~
|~
—
RS

Write the torque balance equation of an ideal rotational dash-pot.

Leta torque T be applied to a rotational dash-pot with frictional coefficient B. The dashpot will offer an
opposing torque which is proportional to angular velocity.

PRV ) ) T;
T=T,= gd 1 9 i E T 9:{ J : d
dt B B T:Tb=BE{

0,-6,)
Write the torque balance equation of ideal rotational spring.

Let a torque T be applied to an ideal rotational spring with spring constant K. The spring will offer an
opposing torque T, which is proportional to angular displacement.

T.=K6 T 8 _ T o 6, T=T,=K(@®,-86)

Nante the two types of electrical analogous for mechanical system.
The two types of analogies for the mechanical system are force-voltage and force-current analogy.

Write-the analogous electrical elements in force-voltage analogy for the elements of mechanical
translational system.

Force, f — Voltage, e Frictional coefficient, B — Resistance, R

Velocity, v — Current, i Stiffness, K —» Inverse of capacitance, 1/C.
Displacement, x — Charge, q Newton's second law, =f = 0— Kirchoff 's voltage law, Zv =0
Mass, M’ — Inductance, L

Write the analogous electrical elements in force-current analogy for the elements of mechamcai
translational system.

Force, f — Current, i Frictional coefficient, B — Conductance, G =1/R |
Velocity, v — Voltage, v | Stiffness, K — Inverse of Inductance, 1/L
Displacement, x - Flux, 0 Newton's second law, =f = 0 — Kirchoff’s current law, Zi =0
Mass, M —» Capacitance, C ' ' '

Write the analogous electrical elements in torque—valtage analagy for the elements of mechanical
rotational system.

Torque, T ' —sVoltage, e |Stiffness of spring, K — Inverse of capacitance, 1/C
Angular velocity, ® —sCurrent, i |Frictional coefficient, B - Resisfance, R

Moment of inertia, J —inductance, L |Newton's second law, XT =0 — Kirchoff ’s voltage law, Zv =0.
Angular displacement, 8 — Charge, g :
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01.29

@130

01.31

01.32

01.33

01.34

Q1.35

01.36

Q1.37

01.38

_ transferred to a set of algebraic equations in s-domain. The signal flow graph of the system can be

Write the analogous electrical elements in forque-current analogy for the elements of mechanica
rotational system, o

Torque, T — Current, i | Frictional coefficient, B — Conductance; G = 1/R
Angular velocity, o — Voltage, v | Stiffness of spring, K — Inverse of inductance, 1/L
Angular displacement, 6 — Flux, ¢ |Newton's second law, XT = 0 — Kirchoff ’s current law, Zi ={
Moment of inertia, J — Capacitance, C ' '

What is block diagram? What are the basic components of block diagram?

A block diagram of a system is a pictorial representation of the functions performed by each componen
of the system and shows the flow of signals. The basic elements of block diagram are block, branc
point and summing point. :

What is the basis Jor framing the rules of block diagram reduction technique?

The rules for block diagram reduction technique are framed such that any modification made on the
diagram does not alter the input output relation.

Write the rule for eliminating negative Jfeedback loap.

Proof i 11
. C=R-CH)G |
R G C -
= = C=RG-CHG
1+ GH C+CHG=RG
C(1+HG)=RG
c__6
R 1+GH .
Write the rule for moving the summing point ahead of a block.
B
B BG
A (A+B)G = _
K- _AG + BG = (A+B)G

What is a signal flow graph?

A signal flow graph is a diagram that represents a set of simultaneous linear algebraic equations. By
taking Laplace transform, the time domain differential equations governing a control system can be

constructed using these equations.

What is transmittance?

The transmittance is the gain acquired by the signal when it travels from one node to another node
in signal flow graph.

What is sink and source?

Source is the input node in the signal flow graph and it has only outgoing branches. Sink is a output
node in the signal flow graph and it has only incoming branches. - :

Define non-touching loop.
The loops are said to be non-touching if they do not have common nodes.

What are the basic properties of signal flow graph?

" The basic properties of signal flow graph are,

(i) Signal flow graph is applicable to linear systems.
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(i) It consists of nodes and branches. A node is a point representing a variable.or signal. A
branch indicates functional dependence of one signal on the other.

(ili) A node adds the signals of all incoming branches and transmits this sum to all outgoing
branches.

(iv)  Signals travel along branches only in the marked direction and when it travels it gets multiplied
by the gain or transmittance of the branch.

(V) The algebraic equations must be in the form of cause and effect relationship.
J1.39 - Write the Mason's gain formula.
Mason's gai'n formula states that the overall gain of the system [transfér function] as follows,
O?erall gain, T=%21:< PcAk

T =T{(s) = Transfer function of the system
K = Number of forward paths in the signal flow graph
P, = Forward path gain of K" forward path
A=t [sum of individual} . [ sum of gain products of all possible }
loop gains combinations of two non - touching loops
sum of gain products of all possible
- [combinations of three non - touching loops} """

Ay = A for that part of the graph which is not touching K" forward path

J1.40 For the given signal flow graph, identify the number of forward pam and number of individual
loop.

Nurmiber of forward paths =2
Number of individual loops = 4

1.15 EXERCISES

L _ ' [ LSS
=11 For the mechanical system shown in fig E1.1derive the . _L
transfer function. Also draw the force-voltage and force-current l——lIp
- analogous circuits. . % K
=1.2 For the mechanical system shown in fig E1.2 draw the force-

voltage and force-current analogous circuits. '
g 1 g 1 M j I X,V

v, e Fig ELI

f(t) K, K,
—b M, BEO™ M
B.Na|

////// ST

Fig EL2

=1.3 Write the differential equations governing the mechanical system shown in fig E1.3(a) & (b). Also
draw the force-voltage and force-current analogous circuit.
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M,

! O . B O O B,
S S S SSSS S SSSSTTSSS
_FigEI.3(a)

Fig E1.3(b)

Ei.4 Consider the mechanical translational system shown in fig E1.4, Draw(a) fcrce-voltage and (b) force-

current analogous circuits.

v,
B o, « , K ®,
Bad M ﬁ_ N SIS 7. N
fv M, T() 1 B 1.8 _]__le

B

! [ 1 | | -2 l
i Yy

Fig EL5

Fig E1.4

E1.5 Wirite the differential equations governing the rotational mechanical system shown in fig E1. 5. Also
draw the torque-voltage and torque-current analogous circuits.

E1.6 In an electrical circuit the elements resistance, s L b
: capacitance and inductance are connected in parallel g o o
across the voltage source E as shown in fig E1.6, + ke ilz :
Draw(a) Translation mechnical analogous system (b) g R C L
Rotational mechanical analogous system. _ ' _I_
- FigELé6

E1.7 Consider the block diagram shown in fig E.1.7(a), (b) (c) & (d). Using the block diagram reduction
technique, find C/R.

Fig E1.7(a)

Fig EL7(b)
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E- 5

c
r—>

L’T{_:Ilq Fig EL7(c)

C

Fig E1.7(d)

Convert the block diagram shown in fig E1.8 to signal flow graph and find the transfer function of the
system. '

Fig EL8

Consider the system shown in fig E1.9(a), (b), (c) & (d). obtain the transfer function using Mason's
gain formula. :

c(s)
Ay Ass Fig E1.9()



Fig E1.9(c)

Fig ELY(d) . FigELI0
. Xg Xg
E1.10  Consider the signal flow graph shown in fig E.1.10 obtain 7~ and <
. 1 2

E1.11  Find the transfer functions of the networks shown in fig E1.11(a); (b), (c) & (d).

R, R L
'Y VY C—_. by -
&) %F{z Teu(t) ’ e(t) .; R, C Teo(t)
J . . . S T
FigEI;II(a) _ Fig EL1I(b)
R, L L,
o NN— T8

ei(t} |1) [

- EQ R,-

Fig EL11(0)

E1.12 Find the transfer function of the circuit
shown in fig E1.12.

—»0

e,y

=c i) =
L,
— 560"
_FigELI2

O4—
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ERFOR EXERCISE PROBLEMS

The transfer function is

1

| —W—asr——
R L C
-' e(t) X

f—e() M=L  K=1IC
v=2i B-R
Force-voltage analogous circuit

y 2 L, R C G R, L,
W
SOOI AR
TS |
f e, M,~L, B-=R
f,~e, ML, K21C,
v, =i, B~R, K1,
v~ B,»R, K=1C

Force-voltage analogous circuit

X(s) _
F(s) {Ms +Bs+K)

®  rs Lo L

f)=iy MSC  K=1L

Force-current analogous circuit
R
vi [TV v

C; L L L Cz

TR AL
£, M,»C, B=1R
f,~i, M,-C, K1,
vV, B,~21/R, K1,
v,V B,—»1/R, K21/l

Force-current analogous circuit

., M‘%+ B+ BV, ~ ¥5) + Ky vt + K[ (v, ~ vo)t = (1)

M, % +B,v, +B(v, —vy) + Kz‘[vadt +K[(v; - v))dt = (1)

R,

R,
—'vv\r—m‘l

fl) »et) M,—L, B,— R2
v,—> i, M,—L, K,— 1/C,
v,=i, B,—R, K,—=1/C,
. Force-voliage analogous circuit

r 2 1) M19c;’T1+K,jv1m+K2J’(v1_

Ko (v = vy)dt +B(v, = v5) = O

L, G,

_%CLW

F3 i3

f)oe® ML, K ->1/C,

vV, =i, M—L K->1C,
v,— i, B—R K,— 1/C,
V>, '

Force-voltage analogous circuit

ST
(% R, %C| R L =C;

f(t)-+|{t} M,—»C, B, 1R,
vy, M-—>C, K,— 1L,
v,—»v, B ->1R K-1L,

Force-current analogous circuit

v,)dt+ K3j{v1 —v,)dt =F(t)

dv,

M=+ B(vy = V) +Kp (v — vyt =0

vi ) V’\‘)E—Ha
s
—e—

fo—>i) M, —C, K- 1L,
v,=>v, M->C, K -1,
v,=v, B-1R K — 1L,
v, >V,

Force-currenr analogous circuit
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El4

E15

EL6

E1.7

R,
R, R R v
ﬂ/\/\, : V, A\Az(\; Vz. 3
- g
o ® c L CT ¢
&) 1 ) i R1§ 2 3"‘
C
|
f)>e) M >L,  B,R, ft)>i) M, >C, B, 1R,
v, =i, M,—»L, B,-»R, v, =V, M,»C, B,—1R,
Lok ML BoR, e, g’: 1?R IR
v, =i, B-R K—1/C 3 3

Force voltage-analogous circuit

Force-current analogous circuit

J1—‘_‘;”t—1 +Bo+Kyf(0,-0)dt =Tt 9,22 d"”z +B0, +Kyf (@, - —oydt+ Ky [ (0, ~03)dt=0

Jaijc‘;_h B3 +K, [(05 ~0,)dt=0

i{t}G

T)—»et) J,->L, B - R, K,—=1/C, TM—ilt)  J,-»C, B, - 1R, K,— 1L,
@, —i, J —)L2 B —>R2 Kz—)UC Q, >V, 4,—>C, B,—>1R, K,> 1L,
o, 1, 4= L B —R, a,—i 0=V, J;=>C; B,->1R, o,>v,

Torque-voltage analogous circuit

V \.r
f(t ;. ) ’
e)—>f) i,—v, :3—)\;3 R->B
i,>v, LoM 1C-K

Analogous mechanical translational system

@ C_ GG, +G,G;
R 1+G-!H2 +G1 +G1G2H1+G1G3H1
GG (11 G;5) (G4 +Gs) -

Torque-current analogous circuit

WY
i
Tt) ©z B o
e(t) > T(t)

A\
,ﬁ‘gﬁ\m‘:/ //’;

h—~>o, >0, R>B
hb2e, L->J 1C-oK
Analogous mechanical rotational system

® ﬁ_ 1+(1+Gy) (G, + Gs) Hy + (14 Gy) (G, + Gy) GH,
(C) E G1Gz + G-‘Gs

R 1+ G1G2H1 + G1G2 + G1G3 + G2H2 + Gst
@ S . GG,Gs

R~ 1+ G,GgH, + GGH; + GG,G,




